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Abstract 

We consider a class of nonlinear Schrodinger equation in three space dimensions with an attractive 
potential. The nonlinearity is local but rather general encompassing for the first time both subcritical 
and supercritical (in L 2 ) nonlinearities. We study the asymptotic stability of the nonlinear bound states, 
i.e. periodic in time localized in space solutions. Our result shows that all solutions with small initial 
data, converge to a nonlinear bound state. Therefore, the nonlinear bound states are asymptotically 
stable. The proof hinges on dispersive estimates that we obtain for the time dependent, Hamiltonian, 
linearized dynamics around a careful chosen one parameter family of bound states that "shadows" the 
nonlinear evolution of the system. Due to the generality of the methods we develop we expect them to 
extend to the case of perturbations of large bound states and to other nonlinear dispersive wave type 
equations. 

1 Introduction 

In this paper we study the long time behavior of solutions of the nonlinear Schrodinger equation (NLS) with 
potential in three space dimensions (3-d): 

id t u(t,x) = [-A x + V(x)]u + g(u), t € R, i£l 3 (1.1) 
u(0,x) = u (x) (1.2) 

where the local nonlinearity is constructed from the real valued, odd, C 2 function g : R i— > R satisfying 

\g"(s)\ < C{\s\ ai + \s\ a2 ), selO<a^Q 2 <3 (1.3) 

which is then extended to a complex function via the gauge symmetry: 

g(e ie s) = e* e g(s) (1.4) 



The equation has important applications in statistical physics describing certain limiting behavior of Bose- 
Einstein condensates [7J [T7J [S] • 

It is well known that this nonlinear equation admits periodic in time, localized in space solutions (bound 
states or solitary waves) . They can be obtained via both variational techniques [TJ HBJ [5T] and bifurcation 
methods [5U HH] , see also next section. Moreover the set of periodic solutions can be organized as a 
manifold (center manifold). Orbital stability of solitary waves, i.e. stability modulo the group of symmetries 
u i-> e~ ie u, was first proved in [SUES], see also pTT | fl^ | [22]. 

In this paper we show that solutions of (jl.ljl - ljl.2|l with small initial data asymptotically converge to the 
orbit of a certain bound state, see Theorem 13. II Asymptotic stability studies of solitary waves were initiated 
in the work of A. Soffer and M. I. Weinstein [HHH], see also [5J [31 [H (T3] . Center manifold analysis was 
introduced in [20], see also [27] . 
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The main contribution of our result is to allow for subcritical and critical (L 2 ) nonlinearities, < a.\ ^ 1/3 
in (|1.3p . To accomplish this we develop an innovative technique in which linearization around a one parameter 
family of bound states is used to track the solution. Previously a hxed bound state has been used, see the 
papers cited in the previous paragraph. By continuously adapting the linearization to the actual evolution 
of the solution we are able to capture the correct effective potential induced by the nonlinearity g into a time 
dependent linear operator. Once we have a good understanding of the semigroup of operators generated by 
the time dependent linearization, see Section [H we obtain sharper estimates for the nonlinear dynamics via 
Duhamcl formula and contraction principles for integral equations, see Section [3] They allow us to treat a 
large spectrum of nonlinearities including, for the first time, the subcritical ones. 

The main challenge is to obtain good estimates for the semigroup of operators generated by the time 
dependent linearization that we use. This is accomplished in Section f?] The technique is pcrturbativc, and 
similar to the one developed by the first author and A. Zarncscu for 2-D Schrodinger type operators in [15) . 
see also [16) . The main difference is that in 3-D one needs to remove the non-integrable singularity in time 
at zero of the free Schrodinger propagator: 

||e ~ \t\ '■ 

We do this by generalizing a Fourier multiplier type estimate first introduced by Journe, Soffer, and Sogge 
in [14] and by proving certain smoothness properties of the effective potential induced by the nonlinearity, 
see the Appendix. 

Since our methods rely on linearization around nonlinear bound states and estimates for integral operators 
we expect them to generalize to the case of large nonlinear ground states, see for example [6J, or the presence 
of multiple families of bound states, see for example [55], where it should greatly reduce the restrictions on 
the nonlinearity. We are currently working on adapting the method to other spatial dimensions. The work 
in 2-D is almost complete, see |15[ [T6) . 

Notations: H = -A + V; 

LP = {/ : R 2 C | / measurable and J R2 \f{x)\?dx < oo}, = (j R2 \f(x)\Pdx) 1/p denotes the 

standard norm in these spaces; 

< x >= (1 + l^l 2 ) 1 / 2 , and for a £ R, L 2 denotes the L 2 space with weight < x > 2a , i.e. the space of 
functions f(x) such that < x > a f(x) are square integrable endowed with the norm ||/(x)||i2 = || < x > <T 

(fi9) = Jr2 f{x)g(x)dx is the scalar product in L 2 where z = the complex conjugate of the complex 
number z; 

P c is the projection on the continuous spectrum of H in L 2 ; 

H n denote the Sobolev spaces of measurable functions having all distributional partial derivatives up to 
order n in L 2 , || • denotes the standard norm in this spaces. 

Acknowledgements: The authors would like to thank Wilhelm Schlag and Dirk Hundertmark for useful 
discussions on this paper. Both authors acknowledge the partial support from the NSF grants DMS-0603722 
and DMS-0707800. 

2 Preliminaries. The center manifold. 

The center manifold is formed by the collection of periodic solutions for (|1.1[) : 

u E (t,x)=e- iEt ip E {x) (2.1) 

where EeM and ^ ipE & H 2 (M. 3 ) satisfy the time independent equation: 

[-A + V]i> E + g{tp E ) = EipE (2.2) 

Clearly the function constantly equal to zero is a solution of (|2.2p but (iii) in the following hypotheses on 
the potential V allows for a bifurcation with a nontrivial, one parameter family of solutions: 

(HI) Assume that 
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(i) There exists C > and p > 3 such that: 

1. |V(a:)| < C < x >~p, for all x 6 M 3 ; 

2. W S i p (R 3 ) for some 2 < p < oo and | VV(x)| -> as |sc| -> oo; 

3. the Fourier transform of V is in L 1 . 

(ii) is a regular poini0 of the spectrum of the linear operator H = — A + V acting on L 2 . 

(iii) H acting on L 2 has exactly one negative eigenvalue Eq < with corresponding normalized eigenvector 
ipQ. It is well known that tpo{x) is exponentially decaying as \x\ — » oo, and can be chosen strictly 
positive. 

Conditions (i)l. and (ii) guarantee the applicability of dispersive estimates of Murata [TB] and Goldberg- 
Schlag [TU] to the Schrodinger group e~ tHt . Condition (i)2. implies certain regularity of the nonlinear bound 
states while (i)3. allow us to use commutator type estimates, see Theorem l5.2l All these are needed to obtain 
estimates for the semigroup of operators generated by our time dependent linearization, see Theorems 14.11 
and 14.21 in section [4] In particular (i)l. implies the local well posedness in H 1 of the initial value problem 
(fTT ]) -([TT2" )) . see section [3] 

By the standard bifurcation argument in Banach spaces [19 for (|2.2[) at E = Eq, condition (iii) guarantees 
existence of nontrivial solutions. Moreover, these solutions can be organized as a C 1 manifold (center 
manifold), see [151 section 2]. Since our main result requires, we are going to show in what follows that the 
center manifold is C 2 . We note that for three and higher dimensions this has been sketched in 13J, however 
they show smoothness by formal differentiation of certain equations without proof that at least one side has 
indeed derivatives. 

As in [TU] we decompose the solution of (|2.2p in its projection onto the discrete and continuous part of 
the spectrum of H : 

ipE = aipo + h, a= (ip , ip E ), h = P c ip E - 
Projecting now (|2.2p onto i/jq and its orthogonal complement = Range P c we get: 

= h+(H-E)- 1 P c g(aip + h) (2.3) 
= E- Eo-a^^Jo^iaiPo + h)) (2.4) 

Although we are using milder hypothesis on V the argument in the Appendix of [20] can be easily adapted 
to show that: 

T(E, a,h) = h+(H- E)- 1 P c g(at/j + h) 

is a C 2 function from (-oo, 0)xCxL^nlf 2 to L^n H 2 and T{E Q , 0, 0) = 0, D h T{E ,Q, 0) = I. Therefore 
the implicit function theorem applies to equation (|2.3|) and leads to the existence of 8\ > and the C 2 
function h{E,a) from (Eq — $i,Eq + Si) x {a e C : \a\ < Si} to L 2 n H 2 such that ([2.3|) has a unique 
solution h — h(E,a) for all E € (Eq — S%,Eo + Si) and \a\ < Si. Note that, by gauge invariance, if (a,h) 
solves (|2.3p then (e l8 a, e i6 h), 8 e [0, 2ir) is also a solution, hence by uniqueness we have: 

h(E,a) = ^-h(E,\a\). (2.5) 
\a\ 

Because tpo is real valued, we could apply the implicit function theorem to (|2.3[) under the restriction ael 
and h in the subspace of real valued functions as it is actually done in |20j . By uniqueness of the solution 
we deduce that h(E, \a\) is a real valued function. 

Consider now the restriction of h(E,a) to a € R, \a\ < Si. This is now a real valued C 2 function on 
{Eq — Si,Eo + Si) x (— Si, Si) which, by (|2.5[) . is odd in the second variable. We now differentiate (|2.3p 
with h = h{E,a), to obtain the following estimates for the first and second derivatives of h on {E, a) £ 

l see \W\ Definition 6] or = {0} in relation (3.1) in [18] 
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(E -Si,E + Si) x (S u Si) 
dh 



(£7,a) 



d^h 
da 2 



(E,a) 



{D h T)-\E, a, h(E, a))[(H - E)~ x P c g' (aip + ft(£7, a))^ ] = G(|a| 1+ai ) 



da 
dh 

— (E,a) = {D h T)-\E,aME,a))[{H-E)- 2 P c g{a^ + h{E 1 a))]=0{\a\ 2+ ^) 



-{DhT)- 1 



(H-E)- 1 P c g"{a^ + h{E,a)) ^ + 



dh 
da 



0(\a\ 



d 2 h 
dEda 



d 2 h 



(E,a) = 0(\a\^) 



dE 2 



(E,a) = 0(\a\ 2+ ^) 



2+ai\ _ 



(DuT)- 1 



(H - E)- 2 P c g'(a^ Q + ft) Uo + 



<9ft 
da 



(H E)^P c g"(a^ + ft) ^0 + f£ j J| 



2(i£ - E)- 3 P c g(atlj + ft) - 2(H - E)~ 2 P c g' (aip + ft) 



7, dh 



dE 



where we used DhJ 7 (E,a,h(E,a)) is invertible with bounded inverse and DhT[E, 0,0) = I, (H — E) 1 is 
bounded and analytic operator in E e (E - 5 1 ,E + Si), and g'(s) = 0(s 1+ai ), g"(s) = 0(s ai ) as s -> 0. 
Replacing now ft = h(E, a), (£7, a) e {E — Si,E + Si) x (— Si, Si) in (|2.4p we get: 



E - E = a- x {ip ,g{aij} Q + h(E,a))). 



(2.6) 



To this we can apply again the implicit function theorem by observing that G(E, a) = E—EQ—a^ 1 (ipo, g(aipa+ 
h(E,a))) is a C 1 function from (£7 — Si,E + Si) x (Si, Si) to M with the properties G(£7 ,0) = 0, 
<9eG(£7o,0) = 1. We obtain the existence of < S ^ JijandtheG 1 even function £7 : (— S, S) i— > (£7q— <5, £7o+<5) 
such that, for \E — Eq\, \ a\ < S, the unique solution of (|2 .4[) with ft = ft (£7, a), is given by the £7 = E(a). Note 
that £7 is C 2 except at a = because G is C 2 except at a = 0, and: 

^(a) = _ ^(£7(a),a) 

da W d s G(£7(a),a) 11 1 j 



d 2 P 



(a) 



Odal" 1 - 1 ) for a ^ 0, recall that < aj. < 1. 



If we now define the odd function: 



h(a) = ft(£7(a), a), 



-5 < a < <5 



we get a C 2 function because, for a ^ 0, based on the previous estimates on the derivatives of ft and E, we 
have 



(fh dh_(fE_ d 2 h ( dE\ d 2 h dE d 2 h _ 

da^ [a) ~ dE^ + d& \la~ ) + dEda~^a~ + da^ ~ {lal h 



hence, by L'Hospital 



^(o)^H m i (a) -° 



r d2h ( \ n 



da s ' a— >o a 
We now extend ft to complex values via the rotational symmetry 

h(a) = ^h(E(\a\),\a\). 
a 



We have just proved: 
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Proposition 2.1 There exist 6 > 0, the C 2 function 

h:{aeRxR : \a\ < 6} i-> L 2 n i? 2 , 

and i/ie C 1 function E : (—6,6) i— > K sitc/i i/iai /or |23 — i?o| < <$ and | (-0O, V'-e) I < <5 ^ e eigenvalue problem 
\2.2)) has a unique solution up to multiplication with e l9 , £ [0,2tv), which can be represented as a center 
manifold: 

ip E = ai/j +h(a), E = E(\a\), (ip , h(a)) = 0, h(e l0 a) = e l6 h(a), \a\ < 6. (2.7) 
Moreover E( \ a\) — C(|a| 1+Ql ) 7 h(a) — 0(\a\ 2+ai ), and for a £ R, |a| < (5, /i(a) is a real valued function with 
0(a) = O(M Ql ) 

Since ipo(x) is exponentially decaying as |x| — > oo the proposition implies that <= L 2 . A regularity 
argument, see gives a stronger result: 

Corollary 2.1 For any a £ K, t/iere exists a finite constant C a such that: 

|| < X > a 1/JeWh* < C<r||^is||^. 

Remark 2.1 By standard regularity methods, see for example f3[ Theorem 8.1.1], one can show ipE £ H 3 . 
Hence by Sobolev imbeddings both IpE an d V"0£; are continuous and converge to zero as \x\ — > oo. 

Remark 2.2 By standard variational methods, see for example [21], one can show that the real valued 
solutions of (|2.2p do not change sign. Then Harnack inequality for H 2 f s \C(M 3 ) solutions of (|2.2[) implies 
that these real solution cannot take the zero value. Hence ip E given by (|2.7p for a £ K is either strictly 
positive or strictly negative. 

In section [4] we also need some smoothness for the effective (linear) potential induced by the nonlinearity 
which modulo rotations of the complex plane is given by: 

Dg\i, E [u + iv] = g'{ip E )u + i 9 ^ E K , ip E > 

WE 

namely: 

(H2) Assume that for the positive solution of (12. 2|) we have g'(ipE), £ ^(R 3 ) where / stands for the 

Fourier transform of the function /. 

In concrete cases the hypothesis may be checked directly using the regularity of ipE, the solution of an 
uniform elliptic c- value problem. In general we can prove the following result: 

Proposition 2.2 If the following holds 

(H2') g restricted to reals has third derivative except at zero and \g"'(s)\ < ^9^- + Cs 012 ' 1 , s > 0, < a x ^ 

then for the nonnegative solution of (|2.2p . ips, we have g'(ipE) £ L 1 cmd £ L 1 . 

We will give the proof in the Appendix. 

We are going to decompose the solution of (|l.l|) - ()1.2p into a projection onto the center manifold and 
a correction. For orbital stability the projection which minimizes the H 1 norm of the correction is used, 
see for example [28], while for asymptotic stability one wants to remove periodic in time components of 
the correction. Currently there are two different ways to accomplish this. First and most used one is to 
keep the correction orthogonal to the discrete spectrum of a fixed linear Schrodinger operator "close" to the 
dynamics, see [151 120) . For example in [T5] the linear Schrodinger operator is — A + V and the correction is 
always orthogonal on its sole eigenvector ipo, hence the decomposition becomes 

u = aipo + h(a) + correction, where a = (^0) w). 
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Second technique is to use the invariant subspaces of the actual linearized dynamics at the projection, see 
for example [13]. While more complicated the latter is the only one capable to render our main result. Since 
there are slight mistakes in the previous presentations of this decomposition we are going to describe it in 
what follows. 

Consider the linearization of at function on the center manifold ipE = aipo + h(a), a = ai + ia,2 € 
C, \a\ < 8: 

duo 

= -iLi PE [w]-iEw (2.8) 

where 

M = {-A + V- E)w + Dg^ E M = (-A + V - E)w + lim 9 ^ E + £w) - 9 ^ (2.9) 
Properties of the linearized operator: 

1. L^, E is real linear and symmetric with respect to the real scalar product 5ft(-, •), on L 2 (R 3 ), with domain 
H 2 (R 3 ). 

2. Zero is an e- value for —iL^ E and its generalized eigenspace includes {^J-j §£f } 

The real linearity of L^ E follows from (|2.9p . For symmetry consider first the case of a real valued 
■ipE = ai/j + h(a), a £ (—5, S) C E. Then for w = u + iv G H 2 (R 3 ), u, v real valued we have 

LipE i u + * u ] = L + [u] + iL- [v] 

with being real valued and symmetric: 

L + [u] = {-A + V-E)u + g'(ip E )u 

L- [v] = (-A + V - E)v + ^P^-v. 

We 

To determine the expression for L_ we used the rotational symmetry (|1.4[) : 

and we differentiate it with respect to 9 at — to get 

Dg^ E [i VE ]=i9{VE)- (2.10) 

Now, 

$t(L^ B [u+iv],ui+ivi) = 3?(L+[it], u\) v\) = $t(u,L + [ui]}+$i(v,L_[vi}) = ^R(u + iv, L^ E [ui+ivi]) 

hence L^ E is symmetric for real valued ip e ■ 

For a complex valued function on the center manifold ipE = ciipo + h(a), a € C, \a\ < 8 there exists 
9 e [0, 2?r) such that a = \a\e ie and 

yjE=e* e (\a\iPo + h(\a\))=e* e r E eal 



L i>E [w)=e i0 L^a,[e- ie w}. (2.11) 



where t\} r ^ al is real valued and on the center manifold. Using again the rotational symmetry of g (|1.4[) we 
get 

t r„..i _ jo 1 

Since e l6 is a unitary linear operator on the real Hilbert space L 2 (R 3 ) and, due to the argument above, 
L^reai is symmetric we get that L^ E is symmetric. 

For the second property, we observe that substituting w — iipE hi (|2.9p and using (|2.10[) . (|2.2[) we get 

L-ip E [iM = i[(-A + V - + = 0. 



G 



Hence zero is an e-value for —iL^, E and for a^O and iipo = lim Q — »o i~ for a = are the corresponding 
eigenvectors. Moreover by differentiating (|2.2[) with respect to ai = SRa € K or = € R we get 



dipt 



da 3 



-5— #b, J = 1,2. 



Since = E'(\a\)?j^ € R we deduce that 3 — 1, 2 are in the generalized eigenspace of zero. Note 

that, by differentiating h(e l6 a) = e l9 h(a) with respect to 9 at 9 = we get D/i| n [ia] = ih(a) and, via ()2.7|) . 
£'V's|a[* a ] — iipE- Since the differential can be written with the help of the gradient: 

we infer that 

itpE G span < — — , — — > or equivalently £ span < i — — , z 



<9ai <9a2 J 1 l_ 9ai <9a2 

where the span is taking over the realfl 



One can now decompose L 2 (R 3 ) into invariant subspaces with respect to —iL y 



L 2 (R3) = span |g£,^|e7i a . 
The standard choice is to use the projection along the dual basis: 

H a = {<f>i, fo} 1 - 

where the orthogonality is with respect to the real scalar product, and <pi , <p2 are in the generalized eigenspace 
of the adjoint of —iL^ E corresponding to the eigenvalue zero, and cj)\ is orthogonal to but not to 

while (f>2 is orthogonal to ng^- but not to Since L^ E is symmetric we have (~iL^ E )* = L^, E i and a 

direct calculations shows that one can choose 

, .dips , .dips 

<Pl = -l-z , 02 = l- 



da,2 ' da\ 



as long as f£f ) 7^ 0. But 



, ) = JC(«Vo,#o) = 1, at a = 

and since "0s is C in a\, 0,2 we have: 

Remark 2.3 By possible choosing S > smaller than the one in Provosition \2. 1\ we get: 

d^E = ^ 1 

Consequently, for |a| < <5, 

= \~da2~' l ~da~[\ ' ^ ^ = Span i"aa7'"aa2"j ^ ' 

Our goal is to decompose the solution of (jl.ip at each time into: 

u = ipE + V = aipo + h(a) + 77, 17 eH a 

which insures that r\ is not in the non-decaying directions (tangent space of the central manifold) span j , | 

of the linearized equation (| 2. 8 \ around tpE- The fact that this can be done in an unique manner is a conse- 
quence of the following lemmgQ 



2 One can actually show that, for small \a\, zero is the only e-value of —%L^ E and the corresponding eigenspace is spanned 

, j = 1,2. However this is not needed in our argument. 
3 This is an immediate consequence of the implicit function theorem but we find the proof in 1131 to be incomplete. 
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Lemma 2.1 There exists 5\ > such that any <f> £ L 2 (R 3 ) satisfying \\4>\\l 2 *S $i can be uniquely decomposed: 

<f> = ipE + V = a ^o + K a ) + r / 

where a — a\ + ia 2 G C, \a\ < 6, t] S H a . Moreover the maps <j> i— ► a and <f> ^ r] are C 1 and there exist 
constant C independent on <f> such that 

\a\^2U\\ L2 , \\ V \\ L 2<:CU\\ L 2. 
Proof: Consider the map F : {a = (ai, a 2 ) € R 2 : |a| < 5} x L 2 (R 3 ) hIxI: 

F(ai, aa, 0) = (»<-*^» ^ " ^>,»<i^. ^ ~ V>£>) (2-14) 

where = a^o + M a ); a = a i + * a 2- Since /i(a) is C 2 , F is a C 1 map and: 

F(0,0,0) = 
-(0,0,0) = I R2 



d{a 1 ,a 2 ) 



where for the calculation of the Jacobi matrix we used (12.121) . 

The implicit function theorem implies that there exist S 2 6 and a C 1 map: 

F = (F 1 ,F 2 ) : B(0,S 2 ) C L 2 (R 3 ) ^1x1 

such that the only solutions of 

F(ai,a 2 ,0) = 
in \a\ = 1 01 + ia 2 \ < S 2 , ||0||l2 < S 2 are given by 

(a 1 =F 1 (ct>),a 2 =F 2 (4>),<l)). 

Now, for an arbitrary <f> G B(0, S?) C L 2 (R 3 ), since 

(p = tpE + v = a 4>o + M a ) + r / 

with a = ai + W2 G C, |a| < S, n £ H a is equivalent to F(ai, a 2 , </>) = we get that there is a unique 
choice: 

a 1 =F 1 (4>), a 2 = F 2 (4>), n = (f> - aipo - h(a). 
Moreover, by choosing 61 ^ 5 2 such that 



\\DF4^2 V0eL 2 (R 3 ), H\\ L 2^S 



where the norm is the operator norm from L 2 (R 3 ) into R x R, we get, for all S L 2 (R 3 ), ||</>||l2 ^ Si 



Uj + aj < 2||0|| L 2 
and 

< ||^IU> + H'eWl? < ll^llia + |o| + ||%)|U» < C|MU= 

where C ^ 3 + 2sup agC ui^^ ||D/i a ||- Note that the existence of 81 is insured by the continuity of DF and, 
from the implicit function theorem: 

DFq = D^F^o 

and the latter has norm one being the projection operator onto tpo. 
This finishes the proof of Lemma 12.11 □ 
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Remark 2.4 Both the decomposition (|2.13[) and Lemma \2.1\ can be extended without modifications to H 1 (R 3 ) 
the dual of H 1 because g H 1 , j = 1,2. In this case (u,<fi) denotes the evaluation of the functional 

<f> e H- 1 atue H 1 . 

We need one more technical result relating the spaces Tl a and the space corresponding to the continuous 
spectrum of — A + V : 

Lemma 2.2 There exists 8 > 82 > such that for any a € C, \a\ ^ £2 i/ie linear map P c \n a '■ >- » 7~(-o is 
invertible, and its inverse R a : TIq 1— ► 7i a satisfies: 



\\RaCh'_ a < CLallClli?.,, a e M and for all C e Ho n L^ CT 
H-RaClU" < CpHCHip, 1 s^P < 00 and for all C € Wo n L p 

where the constants C- a , C p > are independent of a € C, |a| ^5 £2- 



(2.15) 
(2.16) 
(2.17) 



Proof: Since 0o is orthogonal to Hoi by continuity we can choose 5 > 82 > such that ipo ^ H a for 
\a\ < 62- Consequently P c \n a is one to one, otherwise from <fi S 7i a , 7^ 0, P c cf> = we get = z^o for some 
zeC, z ^ which contradicts ^0 4- Ha- 

Next, for lal < 82 we construct i? a : Tio l_ ► H,, such that: 



P c R a C = (, VC e Wo- 

Since P c is the projection onto {^ol^i condition (|2.18[) is equivalent to 

RaC = C + #0 

for some z € C. To insure that the range of i? a is in H. a we impose 



— — ,-00) = -U(-i— — ,C), 



da 2 



da 2 



Uz(i— — ,ip ) 



(2.18) 



(2.19) 



(2.20) 



This linear system of two equations with two unknowns, 5ftz and 9fz, is uniquely solvable whenever ipo ^ TL a . 
Note that for a = the system becomes: z — (ipo, 0- 

In (|2.19[) we now choose z to be the unique solution of (|2 . 20[) and obtain a well defined linear map 
R a :Ho^> H a satisfying flUTS}. 

Consequently, P c \u a is also onto, hence invertible and its inverse is R a - Moreover, by the continuity of 
the coefficients of (|2.20[) with respect to a we can choose 82 ^ 82 such that, for all \a\ ^ 82 : 



\z\ < 2 



(2.21) 



Hence, via (12 . 19|) and Holder inequality we get: 

||i2oC||y < l|C||y + 2||Vo|kl|Clkl 



dipE 


2 


0lp E 


2 


3a2 


+ 

Y* 


dai 





which, for the choice Y = L 2 _ a {R 3 ), Y* = L 2 _ a (R 3 ) respectively Y = L P (R 3 ), Y* = LP (R 3 ), ^ + ^ = 1 
give (|2.15p . respectively (|2.16p . The constants are independent of a due to the continuous dependence of 
j = 1,2 on a G C in the compact \a\ ^ 82, and their exponential decay in time, see proposition 12.11 and 
corollarv l2.11 

Now, P c commutes with complex conjugation because it is the orthogonal projection onto ipo and ipo is 
real valued. Then (|2.17[) follows from R a being the inverse of P c . 
The proof of Lemma [2~2H is now complete. □ 
We are now ready to prove our main result. 
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3 Main Result 

Theorem 3.1 Assume that the nonlinear term in (jl.ip satisfies (jl.3p and (|1 .4[) . In addition assume that 
hypothesis (HI) and either (H2) or (H2') hold. Let p\ = 3 + a\, p 2 = 3 + a 2 . Then there exists an Sq such 
that for all initial conditions uq(x) satisfying 

max{||u || P ' , ||uo||ffi} < so, — + — = 1 
L P 2 V2 

the initial value problem il.l\) - [T72]) is globally well-posed in H 1 and the solution decomposes into a radiative 
part and a part that asymptotically converges to a ground state. 

More precisely, there exist a C 1 function a : M. t—. ► C such that, for all t GM we have: 

u(t, x) = a(t)i> (x) + h(a(t)) +rj(t, x) (3.1) 

V v ' 

where ipE(t) is on the central manifold (i.e it is a ground state) and rj{t,x) £ 7i a (t)i see Proposition \2. 1\ and 
Lemma \2.1[ Moreover there exists the ground states states ipE ±a<D and the C' 1 function : 1 R such that 
lim^i^^ 9(t) = and: 

lim U E (t) - e-^- e ^^ E± J\ H , nLl =0, 

t— »±oo a 

while r) satisfies the following decay estimates: 

h(t)\\L 2 < C (ai,a 2 )eo 

h(t)\\LPi < C 1 (a 1 ,a 2 ) -i — rr, pi=3 + ai 

(l + |t|) 3( ^« ) 



and, for p 2 = 3 + a 2 

3 3 1 3(3+Q2j 



(i) ifa x >\ or\>a 1 > , 2 " 2 - then 



\v(t)\\LP2 < C 2 (oti,a 2 ) 



fit) if a-t = „,„" 2 ? then 

1 ' J 1 3(3+a 2 ) 



(Hi) if ax < 3(3°^) then 



\\v( t )\\LP2 < C 2 (ai,a 2 )eo 



(l + ltl) 3 ^-^ 
log(2+|t|) 



(l + |t|) 3 (5-^) 



v(t)\\LP2 < C 2 (ai,a 2 )- | g ° 1+3t>1 



(1 + 1*1) 

where the constants Cq , C\ and C 2 are independent of Eq ■ 

Remark 3.1 Note that the critical and supercritical cases | < a± < 3 are contained in (i). Our results for 
these cases are stronger than the ones in \2(A \23[ \ 21$ because we do not require the initial condition to be in 
L? a , a > 1. Compared to U3f we have sharper estimates for the asymptotic decay to the ground state but we 
require the initial data to be in LP" 2 . To the best of our knowledge the subcritical case ai < 1/3 has not been 
treated previously. 

Remark 3.2 One can obtain estimates for the radiative part n in LP , 2 < p < pi = 3 + ax, or p\ < p < 
p 2 = 3 + a 2 by Riesz- Thorin interpolation between L 2 and L Pl respectively between L Pl and L P2 . 
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Proof of Theorem 13.11 It is well known that under hypothesis (Hl)(i) the initial value problem (l)-(2) is 
locally well posed in the energy space H 1 and its L 2 norm is conserved, see for example [5l Cor. 4.3.3 at p. 
92]. Global well posedness follows via energy estimates from HmoIIh 1 small, see [SJ Remark 6.1.3 at p. 165]. 

We choose £o ^ <5i given by Lemma T2.ll Then, for all times, ||it(i)|| £ 2 ^ 8i and we can decompose the 
solution into a solitary wave and a dispersive component as in (|3 . lj) : 

u{t) = a(t)ip + h{a{t)) + v (t) = ^ E {t) + »?(t) 

Moreover, by possible making £o smaller we can insure that that ||u(£)||l2 ^ £o implies \a(t)\ ^62, t € R 
where 82 is given by Lemma I2.2I In addition, since 

u G C(R, H^R 3 )) n C^R, H^iR 3 )), 

and iiho respectively u i— > r\ are C 1 , see Remark l2.41 we get that a(t) is C 1 and r\ G C(R, H 1 )DC 1 (R, H^ 1 ). 

The solution is now described by the C 1 function a : R G C and n(t) G C(R, H 1 )nC 1 (R, H- 1 ). To obtain 
their equations we plug in p.ip into (jTTTJ). Then we get 

— + Di/j E \ a a = ~i{L^ E + E)r) - Eitp E ~ iF 2 {iJjE 1 ri) (3-2) 



where L^ E is defined by 



LiPeV = (- A + V-E)r]- i-^j-gi^E + ev)\e=o 
and ^(V'Bi 7 ?) denotes the nonlinear terms in r\ 

F 2 (ipE,v) =g{ipE + ri)-g{ipE)- -^g(tpE + ev)\s=o (3.3) 

V v ' 

Then projecting (|3.2p onto the invariant subspaces of — iL^ E , H a , see (|2.13j) and the span{^^, ^J-}, we 
obtain the equations for 77 (t) and a(i) : 

^ - -i(L^ B +E)n - iF 2 (ip E ,v) - F 2 (S>E,t]) (3.4) 

Di> E \ a a' = -Eiij; E + F 2 (ip E ,ri) (3.5) 

where 

V v ' V v ' 

In order to obtain the estimates for 77(f), we analyze (|3.4p . The linear part of (|3.4[) is: 

^ = -i(i^ B + £)C = (-A + V)( - i-^g(Mt) + eC)| £ =o (3.7) 
C(s) = v 

Define fl(t,s)v = £(f). Then using Duhamel's principle (|3.4p becomes 

7?(f) = Q(t,0)7?(0)- / n{t,s)[iF 2 {i) E ,ri) + F2{i>E,ri)]ds (3.8) 
Jo 

It is here where we differ from the approach [6l [20l [23l [24] . The right-hand side of our equation contains 
only nonlinear terms in 77. However the challenge is to obtain good dispersive estimates for the propagator 
Q(t, s) of the linearization (|3.7|) . see Theorems 14.11 and 14. 21 
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In order to apply a contraction mapping argument for (|3.8D we use the following Banach spaces. Let 
pi = 3 + ai and p 2 — 3 + a 2 , 

Y^iue^DL^nL^ -.sMl + ltlf^^WuW^ <oo,sup -^XL- \\ u \\ LP2 <oo,sup|M| ia <oo} 
endowed with the norm 

11 fl I \t\ ) ni 

\\u\\ Yl = max{sup(l + |t|) 3(; ^~ ) ||m|| £p1 , sup ||m|| £P2 ,su P ||u|| L 2> 

t t [K>g(2 + |t|JJ m * t 

for i = 1,2, 3, where n\ = n 2 = i{\ — ^3 = ^f 21 ? TO i = m 3 = an d TO 2 = 1- 
Consider the nonlinear operator in (|3.8[) : 

JV(u)= / n(t,«)[»F 2 (V'B,«)+F 2 (^,«)]*» 
Jo 



Lemma 3.1 Consider the cases: 

1 1 2a 2 2a 2 2a 2 
1. ai > — or — > ai > — ; r! 2. ai = — -; 3. ai < — ; -. 

3 3 3(3 + a 2 )' 3(3 + a 2 )' 3(3 + a 2 ) 

Then, /or each case number i: N : Yi — ► 5^ is loeZZ defined, and locally Lipschitz, i.e. there exists C{ > 0, 

HiVur - 7V W2 || Fi < Q(||ui||y 4 + Dually, + K||£ Ql + IMl£ ai + IMly " 2 + IM|£ aa )||ui - u 2 \\ Yi . 
Note that the Lemma gives the estimates for r\ in the Theorem 13. II Indeed, if we denote: 

« = n(*,o)»?(o) ) 

then 

IMly <C*oh(0)|| LPW , 

where Co = max{C, C p }, see theorem 14. II We choose eo in the hypotheses of theorem 13. 11 such that 



C e ■ ~(a + 2/C. - I 



Then by continuity there exists ^ Lip 1 such that: 

2- Lip/ 



\\v\\ Yi < -^[\Jl + 2Lip/a i -l 

Let R = L||u|jy/(2 — Lip) and B(v,R) be the closed ball in Yi with center v and radius R. A direct 
calculation shows that the right-hand side of (|3. 



Ku = v + Nu 

leaves B(v,R) invariant, i.e. K : B(v,R) i— > B(v,R), and it is a contraction with Lipschitz constant Lip on 
B(v,R). 

By the contraction mapping argument, (|3.8[) has a unique solution in Y^. We now have two solutions of 
(|3.4[) . one in C(R, -ff 1 ) from classical well posedness theory and one in C(R, L 2 n L Pl n £ P2 ), pi = 3 + ai, 
p 2 = 3+a 2 from the above argument. Using uniqueness and the continuous embedding of H 1 in L 2 (~)L P1 C\L P2 , 
we infer that the solutions must coincide. Therefore, the time decaying estimates in the spaces Yi_3 hold 
also for the H 1 solution. 
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Proof of Lemma 13.11 Let ui, u 2 be in one of the spaces Yi, i = 1, 2, 3. Then at each selwe have: 



F 2 (ipE{s),u 1 (s))-F 2 (ip E (s),u 2 (s)) = g(ip E + «i) - g(ipE + u 2 ) - Fi(^ E ,u x ) + F x {ip E ,u 2 ) 

' II IS 

dr 



-j^qO'e + u 2 + t(ui - u 2 )) - -^rgii'E + t(ui - u 2 ))| T =o 



o Jo ds dr 



g{tpE + s(u2 + t(ui - u 2 )))ds dr 



Using the hypothesis ([Hi]) we have \g(u)\ < C(|u| 2+ai + \u\ 2+a2 ), then taking the derivatives with respect 
to t and s and estimating the integral we get: 



l-Ws.ui) " F 2 (ip E ,u 2 )\ < C[ (\i> E \ ai + hM aa )(M + K|)K - u 2 \ 



(3.9) 



Ax 



+ + |u 2 | 1+ai )ki ~ «a| + (M 1+Q2 + M 1+Q2 )K - «a| ] • 



By (|3.6|) and Holder inequality, for any 1 ^ q ^ oo we have: 



\\F 2 (ip E , ui) - F 2 (ip E ,u 2 )\\ 



L" 



< C 



+ c 



dip E 




dip E 




dtps 




dtps 




da 2 




da\ 


+ 


da\ 




da 2 


J 


dips 




dipE 




dip E 




dips 




da 2 




da i 


+ 

Li 


dai 




da 2 


J 



U4i 



L p 2 



< Cdl^H^ + p 2 || iPi + ||A 3 || iP -), 



I As 



\ L p 2 1 
(3.10) 



where the uniform bounds on £ H 2 (M. 3 ), j — 1, 2, follow from their continuous dependence on scalar a, 
and \a(t)\ S 2 , teR. 

Now let us consider the difference Nu± — Nu 2 



(N Ul -Nu 2 )(t) = / n(f,s)[iF 2 (V> E (s),ui(s))-iF 2 (^ 
Jo 

(3.11) 



L P2 Estimate : 



\\N Ul - Nu 2 \\ LP2 < f 110(^5)11^,^(7(211^11^ + \\A 2 \\ LP , 2 + \\A 2 \\ LP , + 2||A 8 ||^ a ) t te 



To estimate the term containing A\ , observe that 



\\{\M ax +\ipE\ a2 ){\u 1 \ + \u 2 \)\u 1 -u 2 \\\ TP>2 < IIIVeI" 1 + |lM aa IMII«ilU« +||«a||z«)||«i-ti2| 



L''2 



with ^ + ^ = ^r- Using Theorem 14.21 (see also Remark 14. ip . we have for each case number i: and 

Mi j u 2 e Yi : 



IM^s^^^JA.W^ds 



< 



o \t 



]2m,i 



s |3( 2 P2 



(l + |s|) 2 "* 



-(||wi||y ; + ||u2||y 4 )||ui - u 2 \\ Yi ds 



^ C ^ C f_\ Q\ Ul \\ Yi + \\u 2 \\ Yi )\\ Ul u 2 \\ Yi 



(1 
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where C 2 = sup t n^nfc f* te^±Wlf^ < oo since 2n, > 1 and C x = sup t |||^|^ + 

l^sl" 2 Uli 3 - The uniform bounds in t G K for IIV'-bH^L^; J = 1,2 follow from the continuous dependence 
of = o(t)^o + h(a(t)) E H 2 (R 3 ) on a(t) and |o(t)| < fo, t € M. 
To estimate the terms containing A 2 , observe that 

H(M 1+tti + i« 2 | 1+ai )i«i - «aiiu < OKiiitr + iMitr)iK - u 2 \\ Ln 

since 4- = and 

Kl Kl 

x||mi - u 2 ||£,pi||iii - U2||^2 e 
where jp- = (2 + ai)(^jp + ^-), ^ ^ 1. Again using Theorem 14.21 (see also Remark |4.1[) . we have 



/ llfi(*,«)IU^,J^M*» 

Jo 



< /■« C7(p 2 ) (IMI^ + IMIl^lN-Hk ^ 

"io It-sl 3 ^"^) (1 + |s|) 3( ^ L+ ^ ) 

C(p 2 )C 3 [log(2+|t|)r^ „ ||1+Q1 ,,, || 
- (1 + \ t \)ni (H U iIIyT + IM|y7 ) 1 1 - U 2 1 1 Y % 

where the different decay rates depend on the case number in the hypotheses of this Lemma: 

1. corresponds to 3(^ + -M > 1, and C 3 = sup t (l + |i|) 3( ^ } /' , ds ^ L < oo; 

2. corresponds to 3(^ + _L) = 1 an d C 3 = sup t {1 \lf (2 + M ) 2 Jq STrdzh < °°; 

3. corresponds to 3(^ + JL) < 1 and C 3 = sup t (l + lil) 1 ^ /' i t ds ^ i . < oo. 

To estimate the term containing A3, observe that 

ll(M 1+Q2 + M 1+tt2 )K - «a|IU ^ 0Mli- Q2 + KllitDK - ua||z« 

since y- = 2 ^" 2 . Again using Theorem 14.21 (see also Remark 14. ip , we have 



f IMM)IU^ 2 P3lUds 



< 



C(pa) [log(2+| S |)]( 2 +"^ n| 1+ 1+ 



|t - S 

Tf^p- — aMir* 2 + imi^h - "all* 



< C( P2 )C 4 C 5 [log(2 + |t|)]'" % || ^ ||1+Q2 ^ |Ui _ n i +aa 



where C 5 = su Pt ^,^1^ |t ^^L?;^;;:;:^ < - ™ (2 + « 2 H > 1. 
L Pl Estimate : From (|3 . 1 1 [) we have 

\\N Ul - Nu 2 \\ LP1 (t) s; \\ f n^s^iF^Eis),^^)) - iF 2 (^ E (s),u 2 ( S ))}ds\\ LP1 

Jo 

+ C [ ||n(t,a)|| £PiMW J| J F 2 (^(*) J «i(a))-^2(^(*),«a(«))|| i pida 
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For the second integral we use (|3.10p with q = p[ and the previous estimates on Ai, A 2) A3 to 
obtain the required bound. For the first integral moving the norm inside the integration and applying 
L p i 1 — ► L Pl estimates for il (i, s) and (|3 . 0[) for the nonlinear term would require the control of A3 in L p i. 
The latter, unfortunately, can no longer be interpolated between L 2 and L P2 . To avoid this difficulty we 
separate and treat differently the part of the nonlinearity having an A3 like behavior by decomposing 
R 3 in two disjoints measurable sets related to the inequality (|3.9p : 

Vtis) = {xeR 3 I \F 2 (i> E (s,x),u 2 (s,x))-F 2 (ij E (s,x),u 1 (s,x))\ < CA 3 (s,x)}, V 2 (s) = R 3 \ V^s) 
On V 2 (s), using polar representation of complex numbers, we further split the nonlinear term into: 

iF 2 (ip B (s,x),ui(s,x)) - iF 2 (ip E (s,x),u 2 (s,x)) = e^'^GA^s^) 

+ e i9(s ^ [\iF 2 (Ms, x), ui(s, x)) - iF 2 (i> E (s, x),u 2 (s, x))\ - CA 3 (s, x)] 

G(s,x) 

where, due to inequality (|3.9p , |G(s,ar)| ^ C(Ai(s,x) + A 2 (s,x)) on V 2 (s). Then we have: 



n(t,s)[iF 2 (-ip E {s), Ul ( S )) - iF 2 (^ E (s),u 2 ( S ))}d s = / n(t,s){l- X (s))G(s)ds 

Jo 

+ f n{t,8)\x(8)(iF 2 (^ E {a),ui(8)) -iF 2 (i> E (s),u 2 (s))) + (1 - X (s))e ie ^CA 3 (s)]ds 



i(t) 

where x( s ) is the characteristic function of Vi(s). Now 



11/ Q(t,s)(l-x(s))G( S )ds\\ LFl < / lin^aJll^i^CdlAi^H^ + IIAa^ll^Jds 
Jo Jo 

and estimates as in the previous step for A\ and A 2 give the required decay. For I{t) we use interpo- 
lation: 

ii/(*)iu» < ii/wii^ e ii/wni P2 < wmtv U\m,s)\\ LP ^ L j\Az\\ LP ,js^ 



where ^- = + We know from previous step that the above integral decays as (1 + |i|) 3( - 2 p ^ 
and below we will show its L? norm will be bounded. Therefore 

sup(l + |t|) 3( 5"w) 11/(4)11^ < 00 
t 

and the L Pl estimates are complete. 

L 2 Estimate : To estimate L 2 norm we cannot use L 2 — > L 2 estimate for fl(t, s) because that would 
force us to control £ 2 ( Q2 + 2 ) which cannot pe interpolated between L 2 and L P2 , p 2 — a 2 + 3. We avoid 
this by using the decomposition: 

T(t, s)v = [P c n(t, s) - e~ lH ^ s *>P c ]v i.e. Sl(t, s) = R a(t) T{t, s) + R a{t)e - iH ^-^ P c 

For T(t, s) we will use LP — > L 2 estimates, see Theorem 14. 11 while for e-^C*- 8 ) p c we will use Stricharz 
estimates LfL 2 x . We will also use a decomposition of the nonlinear term similar to the one for L Pl 
estimates that will allow us to estimate in a different manner this time the terms behaving like A 2 , see 
(l3~9l). All in all we have: 



\\N Ul - Nu 2 \\ L 2 < f \\n(t,s)\\ L ^ L 2\\F 2 (i) E ,ui)-F 2 (ij E ,u 2 )\\ L 2ds 
Jo 

+ \\Ra(t)\\L^Li f \\T(t, S )\\ , C(\\Ai\\ , 2 + \\A 3 \\ k )d S 



+ \\Ra(t)\\L^L 2 [ \\T(t,8)\\ { C\\A 2 \\ { ds 

Jo 

+ \\Ra(t)\\L^L4 f e-^-^PciAt^+A^dsh* + 11^)11^^11 / e~ m ^P c A 2 
Jo Jo 
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For the first integral we use Theorem 221 part (i), (|3.10p with q — 2 and the estimates we have already 
obtained for Ai, A 2 and A3. We deduce that this integral is uniformly bounded in t £ K. Similarly we 
get uniform boundedness of the second and third integral by using Theorem 14.11 part (iv). 

For the fourth integral we use Stricharz estimate: 



sup || f e-^-^PcAidsh* < C s ( f\\Ai 
teR Jo Vr 



T2 



'L p 2 



72 



where -V + — = 1, and — = 3 ( h — — ] . Using again the estimates we obtained before for A\ and 

7 2 72 '72 \2 p 2 J b b 1 

A3, we get: 



\\Ai\\ r ' p ,<C 1 



(log(2+ |s|)) 2m ^2 
(1 + IsQ 2 "^ 



ds 



(IIuiIIyj + ||w2||y 4 )||wi - u 2 \\y z 



^CuCsdluillyj H-IHIyJHui-ualk 



where Cs = L ( ' los ^ 2+ ^^" > — r—^-ds < 00 since 2n;7' > 1 and: 



\A 



3 II r T 2 



L a ' 2 L p 2 



, < Ci 



(l0g(2 + | S |))(2+«2)m,73 
(1+ | s |)(2+a 2 )n^ 



f/.S 



T3 (||wi| |1+Q2 



<C 9 (|| Ml ||^ Q2 + || U2 ||l+ Q2 )|| Ul - M2 || yi 



where C 9 = j R S^gBg^gg^l fe < ^ since (2 + a 2 )n l73 > 1. 
Similarly, for the fifth integral: 

sup || f e- tH ^P c A 2 ds\\ L2 <CJ f \\A 2 
teR Jo v Jr 



\u 2 



1 + Ct2j 



til - «2 K 



\ Jl ,ds 



7i 71 



where -V + — = 1, and — = 3 ( 4 — — ) . Furthermore we have 

> 2 pi » 



» < C13 



(1 + |s|) 3 ( 2+ai )^^-«) 



(IMI# ai +ll«2|lrT ai )ll«i-«alh 



< C 13 C 10 (|M|^ ai + ||u 2 ||£ Ql )K - « 2 || yi 



where C w = f M 



(i+M) 



3(2 + ci)^( 



'^/ ( i_jL) ^ < 00 since 3 ( 2 + "lhad " ^) > 1 



The L 2 estimates are now complete and the proof of Lemma |3. II is finished. □ 

We now finish the proof of Theorem 13.11 by analyzing the dynamics on the center manifold and showing 
it converges to a ground state. Using the fact that 

iipE = Dip E \ a [ia] = ^r^3?[«a] + ^-^3[ia] 
oa\ oa 2 



equation (|3.5|) becomes 

Ehl>E\a(a' + iEa) = §^»[a' + iEa] + ^9f[o' + iEa] = F 2 (^ E , 77) = fc{$ E , v )^ + p 2 ^ E r,)^. 

oai oa 2 oai oa 2 



Hence 
and 



\a' + iEa\ = yjfc + 0> = b(t) 



1G 



Since b(t) = + 0%, and 



P2 < 



dipt 



da 2 
dip E 



(||Ai|| , +\\A 3 \\ ,J + 



dai 



L>'2 



L"2 



dipt 



(\\M r y 2 + \\M r y 2 ) + 



da 2 
dip E 



\a 2 \\ lp , <c(hiii P2 + hii 2 L +^ + n ?7 ||^r) 



|2+«i 



dai 



En 



\a 2 \\ lP > <c« P2 + hui+r + hii^r) 



we get ^ b(t) ^ C(l + |£|) 1+<5 for some <5 > 0, in each of the cases (i), (ii) and (m) in the Theorem 13. II 
Then, for any e > we have 



a ( t yf£E(s)d* _ a ^yS t ' E(s)ds ^ / b ^ ds<£ 



(3.12) 



for t, tf sufHciently large respectively sufficiently small. Therefore a(t)e l ^o E ( s ) ds nas a limit when t — * ±oo. 
This means 



Above we used h(e l6 a) = e t6 h(a), see Proposition 12.11 In addition |o(t)| — > a± as £ — * ± at a rate |t| _<5 . 
Since i£(s) = -E(|a(s)| is C 1 in \a\ on |a| < <5 2 , we deduce |-E(±s) — E± \ < C(l + s)~ 5 for s ^ and some 
constant C > 0. If we denote 



1 /• ± * 

0(±i) = — / B(s) - E±ds, t > 



then lim| t |_ >(X) 0(t) = and 

This finishes the proof of Theorem 13.11 □ 



lime it(E± - e(t »ip E {t) =ip E± - 



4 Linear Estimates 

Consider the linear Schrodinger equation with a potential in three space dimensions: 

l ^ = (-A + V(x))u 
tt(0) = u 

It is known that if V satisfies hypothesis (HI) (i) and (ii) then the radiative part of the solution, i.e. its 
projection onto the continuous spectrum of H — —A + V, satisfies the estimates: 

\\e- lHt P c uo\\ L 2 <C M i|MU= (4.1) 

\t\~2 

for a > 1 and some constant Cm > independent of Uq and t £ K, and 

He-^P^olkp < C p ] tt \\uo\\ l »> (4.2) 

for some constant C v > depending only on 2 < p. The case p — oo in (|4.2p is proved by Goldberg and 
Schlag in [10J. The conservation of the L 2 norm gives the p = 2 case: 

He-^P^oll^ = HuoIIl' 
The general result (|4.2[) follows from Riesz-Thorin interpolation. 



17 



We would like to extend these estimates to the linearized dynamics around the center manifold. We 
consider the linear equation, with initial data at time s, 

i § = HC + Fl(Vj£ ' C) 
C(s) = v 

where F 1 (tp E) Q = -£g(ipE + OU=o = ^S(-0L=i/>eC + Jg#(w)U=-0sC- For the sake 01 simpler notation, we 
will use Fi (0 . 

By Duhamel's principle we have: 

C(t) - e^^i^s) - i / e- lff(t - T) F!(C)dr (4.3) 



In the next theorems we will extend estimates of type (j4.ip ~ d4.2p to the operators Q(t,s) and T(t,s) 
considering the fact that ipE(t) is small. Recall that 

T(t, s) = P c n{t, s) - e- iH ^P c i.e. (l(t, s) = R a[t) T{t, s) + i? a(t)e -^ ( *- s > P c 



Theorem 4.1 There exists £\ > such that for \\ {x) a ij) e\\ h 2 < £ i there exist constants C , C p > loii/i the 
property that for any t, s G M f/ie followings hold: 

(0 ll«MH"-+L- < 



(l + |t-*|)« 

' /or s < i < s + 1 



— 



V y ->^-- - ) k for t > s + 1 

(tit) T(t, s) G L?(R, i 2 -» L'J n Lf(M, L 2 -» I/iJ 

(*«) l|n(*,*)l| £ p'^L- <" rJTT — rr forall2<p<L c 



c 



||T(M)II LP ^- < 



/or s < t < s + 1 



3( t-tt /ori>,s + l 



Proof of Theorem 14. II Fix s G E. 

(i) By definition, we have Q(t, s)v — £(i) where ((t) satisfies equation (|4.3[) . We project (|4.3p onto 
continuous spectrum of = — A + V : 

£(t) = e'^-^PcV - i [ e- iH ^P c Fx{R a C)dT (4.4) 



where £ = P C C- We are going to prove the estimate for P c Cl(t, s) by showing that the nonlinear equation 
(14. 4p can be solved via contraction principle argument in an appropriate functional space. To this extent let 
us consider the functional space 

Xt :={ue C(R, L 2 _ a («. 3 ))\sup(l + (t - s))i\\u(t)\\ L 2 < oo} 

t>s 

endowed with the norm 

\\u\\ Xl :=sup{(H-(t-«))*||u(f)|| L? } <oo 

t>S 

Note that the inhomogeneous term in (|4.4p £o = e~ lH ^~ s ^ P c v satisfies £o € Xi and 

IMk < cwNk ( 4 - 5 ) 
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because of (|4.1I) . We collect the £ dependent part of the right hand side of (|4.4[) in a linear operator 
L(s) :X 1 ^X 1 

[L(s)m = -if e-^-^PclF^RaOW (4.6) 

We will show that L is a well defined bounded operator from X\ to X\ whose operator norm can be made 
less or equal to 1/2 by choosing e\ sufficiently small. Consequently Id — L is invertible and the solution of 
the equation (|4.4p can be written as £ = {Id — L) -1 £o- In particular 

||£lk <(l-||£|l) _1 INk <2||£ ||x 1 

which in combination with the definition of ft, the definition of the norm X\ and the estimate (|4.5| . finishes 
the proof of (i). 

It remains to prove that L is a well defined bounded operator from X\ to X\ whose operator norm can 
be made less than 1/2 by choosing e\ sufficiently small. 

\\L{s)m\\ut. < l\\e- iH{t - T) Pc\\ L i^J\Fx{R a mLldr 

J S 

(4.7) 

On the other hand 

IliWOlU* < IK«> 2<r (l^| 1+ai + \M 1+a2 )\\L~\\Rai\\ L ^ < (e[ +ai +e[ +a nU\\ L ^ 
and using the last three relations, as well as the estimate (|4.1[) and the fact that £ G X\ we obtain that 

\\L{s)\\ x ^ Xl < ( £ J +ai + ?l +a2 ) bu P (1 + |t - /* - * ,. 3 • - / -3 dr 

t>o J s (l + |i-T|j2 (1 + \t-s\)2 

< (e J+«i + e J+«») sup (l + |t - 1—3 < C(e} +Ql + £ } +Q2 ) 

t>o (1 + 1 VI) 5 

Now choosing e\ small enough we get 

\\L\\x 1 ^x 1 < ^ 

Therefore 

\\p c n{t, s )\\ Ll ^ L , < ( 



(l + \t-s\)i 
and 



\m, S )\\ L 2^ L 2 <\\R a(t) \\ L 2 \\P c n(t,3)\\ L 2. 

CT — £7 v ' — CT — CT CT 



•L- 



c 



(1 + 1*- -I)* 

by Lemma l2~2l 
(u) Recall that 

P c fi(*, s)v = T(t, s)v + e- lH[t ~ s) P c v (4.8) 

Denote: 

T(t,s)v = W(t) (4.9) 
then, by plugging in (|4.4p . PF(*) satisfies the following equation: 

W(t) = -i f ' e-^-^PclF^Rae-^-^P^dT+lL^Wm (4.10) 



/(*) 

By definition of T(t, s) (|4.9[) it is sufficient to prove that the solution of (|4.10p satisfies 

f ^HLl fors<t< S + l 

iwoii^< ^ fort ; s ; 1 
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Let us also observe that it suffices to prove this estimate only for the forcing terms f(t) because then we 
will be able to do the contraction principle in the functional space in which f(t) will be, and thus obtain the 
same decay for W as for f(t). 

This time we will consider the functional space 

X 2 = {u e C(R,L 2 _ a R 3 )\ sup (l + |i-s|)2||u|| L 2 < oo, sup \t - s\i \\u\\ L 2_ < 00} 

\t-s\>l " \t-s\<\ 



endowed with the norm 



u x 2 



sup t \t — s\ 2 ||u|| L 2_ for \t — s\ < 1 

sup t (l + |i-s|)i||u|| L 2_ for |t — s| > 1 



Now we will estimate fit). First we will investigate the short time behavior of this term. If s < t < s + 1. 
Recall that F^u) = £g{i>E + ru) = ^g{u)\ u= ^ E u + -§^g(u)\ u=i , E u = g u u -+ g u u. 

\\f(t)\\ L ^ < \\(x)-° f\- iH ^P c F 1 {R a e- iH ^P c v)dT\\ L1 

J s 

For the term g u R a e~ %H ( T ~ s ^ P c v we have 

\\(x)-° f \\e-* H(t -^P c g u R a e-* H( ^P c vd T \\ L 2 

J s 

<||(^)" ff ||^ f \\e- tH{t - s) e m{T -^P c g u R a e-^ T -^P c v\\L^dT 

J s 



rt C 



< I ,, ~ ,3 sup||& t || I ,i||t;|| L iriT < C ,''""^,'i sup||ty L i < 00 

J s 



\t — S|5 1 "-""'i^ " — |^ _ g | \ 



and for the term guR a e tH ^ T s ^P c v we have 

f \\e- iH ^P c g a R a e iH ^P c vdr\\ L 2 

J S 

< \\{x)-°\\ L 2 f + 4 \\e- lH ^ t+s - 2 ^e-^-^P c gJi a e lH ^-^P c v\\L^dT 

J s 

+ f \\e- iH(t - T) Pc\\ L ^Li \\(xy 9 Jlae- lH(T - s) P c v\\ L 2dT 

f s +^r~ (J ft (J 
- / 71 ^ s vp\\g~u\\ L i\\v\\ L idT + / — — -^\\{xY gu\\ L 2\\e- lH{T - s ^ P c v\\ L ~dr 

< CT-M^supdl^lUi + \\(xy g 4 L .) < 00 

\t — s\ 2 

There we used J-S-S type estimate; see Appendix for t = r — s; \t — s\ < 1. For the long time behavior of 
f(t), we will split this integral into three parts to be estimated differently For t > s + 1, 

r s +2 r— p 

L_ / + J 8+i + Ji±^ 

h h h 
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Then for t > s+ 1, 

\\h\\iz a < \\{x)~ 

+ ll<s>-'IU» 

+ IK*>- <r IU 

C||<x)-'|| La ( 



e - J H(t- S )p cFi(jRae - l ff(r- S )p cu)dr || L2 



-* ff ( t -5e^ T -)p cft ,Ji e- iH ( r -'iP »||ic O dT 
5+2 ||e-^(*+ s - 2 ^ e -^( T -^P c5fi P a e^( r - s )p cU || LO odT 



\t-s 



3 



. 1 



C 



< 



|i + s — 2t|4 
1 1 



\ e -iH{T- S )p cg _ Rae iH { T-s) p n dT 



\t-s\i \t- s -l\ 
< C\\{x)- a \\ L3 Bup(||ft,|| £ i + II^IUO 



supdl^Hii + \\gu\\Li)\\v\\LidT 



(i + 



For the second integral we have 



\hh' < / " \\e- lHit - T) Pc\\ L ^^ ||Pi(P e-^- s )p cU )|U^T 

— cr/i <T — u a 



< 



< 



c 



s+k (1 + |*-T 



(i + l¥l 



||(a;) CT ^ B | 1+a |U2||e- iH ( T - s )p cU |U=cdr 
C|MU* 



2 G?T 



< 



I3 is estimated similiar to Ii- 
(m) From (14. 10)) we have 



(x)-°W(t) = J (x)-°e- iH <- t - r )p c [F 1 (R a e- tH <r-')P e v)]<tr + j ^)- CT e-^*-^P c [Pi(P a W(r))]d 7 



Then 



||(a;)- ff W(t)|U?L2 < 



C 



(l + |t-r|)3/2' 
C 



(^^Px^e-^^-^P^)!!^^ 



(l + |i-r|) 3 / 2 
< C||^|| L1 ||i;|| L 2+ ei C||if|| L1 ||(x)^Fy|| L2i; 



(IK^^Hi- + \\{xY C 9u\\L~)\\{x)- a W{T)\\ Ll dT 



Li 



Where isT(t) = (1 + \t\)- 3/2 . For the term (x) a Fx{R a e~ im P c v) = {x)° {g u R a e- iHt P c v + g a R a e lHt P c v) we 
used ||(a;) 2 ' T 5r M || L oo and || (x) 2a g a \\ L ~ is uniformly bounded in t since = \g a \ < C(\^ E \ 1+ai + \^e\ 1+ ° 2 ) 
and the Kato smoothing estimate || (x)^ a e~' lHt P c v\\ L 2^ R h i\ < C\\v\\ L 2. Choosing e\ small enough we get 
\\(x)- a W\\ L 2 L 2 < 00. In other words T(t,s) € L 2 (R,L 2 -^L 2 _ a ). And similarly 



\\(x)-°W(t)\\Li < 



C 



(1 + |<-t|) 3 / 2 ' 
C 



T F x {R a e- m ^P c v)\\ L2 dT 



(1 + |£ - 7-|)3/ 2 
<C\\v\\ L ,+exC\\{x)-"W\\ Ll 



(HfcrSulU- + \\(xY°g4 L ~)\\{x)-°W{T)\\ Ll dT 
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This finishes the proof of (Hi), T(t, s) e if (M, L 2 -► L 2 _ a ) n ^ 2 ~> 

(iv) By Riesz-Thorin interpolation between (ii) and (Hi) (the part) we get the desired estimates. □ 
The next step is to obtain estimates for Cl(t, s) and T(t, s) in unweighted L p spaces. 



Theorem 4.2 Assume that \\(x)' t iIje\\h 2 < £1 (where E\ is the one used in Theorem \4-l\ ). Then there exist 
constants C2, C 2 and Coo for all t, s G M the following estimates hold: 



(l) Mi, S)\\ L 2^ L 2 < C 2 , \\T(t, S)\\ L 2^ L 2 < c 2 

Goo 



(U) \\n(t, s )\\ L i. 



< 



\t-s\ 



I \ts\T 



Coo\t-s\2 for\t-s\<\ 
for \t — s\ > 1 



(Hi) \\T(t, s)\\ LP >_> L 3 < C' 2 , for p = 6 
Remark 4.1 By Riesz-Thorin interpolation from (i) and (ii), and from (i) and (Hi) we get 



\m, S )\\ LP ^ LP < 



\\T(t,s)\\ 



< 



- , for all 2 < p < 00 

\ t - s \^-ty - 

\ C p \t-s\^~^ for\t-s\ < 1 



I*— -I 



for \t - s\ > 1 ' f° r al1 2 < P < 00 



\\T(t,s)\\ LP >^ L2 < C p , for all 2<p<6 

Proof of Theorem |4T2] Because of the estimate (O and relation P c fl = T + e~ iH ^~ s ^P c , It suffices to 
prove the theorem for T(t, s). 

(i) To estimate the L 2 norm we will use duality argument to make use of cancelations. 

\\f(t)\\h = </(*),/(*)) 



is J s 
rt ft 



( e - iff ( t - T )p c F 1 ( J R a e- iff ( T - s )p c i;),e- iH ^- r ')p c F 1 (ii a e- iff ( T '- s )p c u))dT / dT 
(F^Rae-^^-^P^^-^-^P^Rae-^^'-^P^dT'dT 
'<<x) ff Fi(JJ 8 e- <H ( T -')p c t;) ) <a:)- a e^ H ( T - T ')p c Fi(J2 e- <H ( T '-')p c t;))dT / dT 
< / /^F 1 (i? ae -^- s )p c «)|U2|| e -^--V c F 1 (i? ae -^'- s )p cV )|| i2 _ dr'dr 



is J s 
rt rt 



is J s 
rt rt 



is J s 
rt 



C 



< J \\(xYF 1 (R a e- iH ^P c v)\\ L , J 

<C\\(xr Fl (R a e- iH ^P c v)\\ L%Ll (1 + |r _ r , |)3/ 

< C\\K\\^\\(xYF 1 (R a e- iHt P c v)\\l 2L2 < C\\v\\ 2 L2 < 00 



(l + |r-r'|) 3 /2 
C 



cyF 1 (R a e- lH ^-^P c v)\\ L 2dT , dT 



\\( x y Fl (R a e-^'- s ->P c v)\\ L 2dT 



LI 



At the last line, K(t) = (1 + \t\) 3 / 2 and we used convolution estimate. For the term (x) cr F\(R a e lHt P c v) = 
(x) a (g u R a e~ lHt P c v + g a R a e lHt Pcv) we used the Kato smoothing estimate || (x)~ <T e~ lHt P c v\\ L 2 r& L 2) < 
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C||u||i2. We will estimate L 2 norm of L similiar to /. 

\\L( S )W\\ 2 L2 =(L(s)W,L(s)W) 

= {j e- iH(t - T) P c F x {W{r))dT, J e~ iB{ - t -' ) P c F 1 (yr(i'))dn') 
(F 1 (W(r)),e- iH ( T -^P c F 1 (W(r / )))}dr'dr 



S J S 
t 



< / (ll(^) CT 3n||L- +\\(xyg a \\ L ~)\\(x)-' T W\\ L 2 



x / ck(t -T>)(\\(xy gu \\ L ~ + \\(xy ga \\ L ~)\\(x)-°w\\ L 2dT'dT 



LI 



By Theorem Hj](m), || (x)- a W\\ L 2 L 2 < oo. 

Therefore we conclude \\T(s,t)\\L2^ L 2 < C and \\tt(s,t)\\ L 2^ L 2 < C 

(ii) Let us first investigate the short time behavior of the forcing term fit). We will assume s < t < s + 1, 



<C\\{x)-'W\\ LlL , / CK(T-T')\\{x)-°W\\ Ll dT' 

J s 

<C\\K\\ L 4(x)-°W\\ L 2 Ll 



\\f(t)\\ 



< 



-iH{t-s) 



j e -iH{t-r)p cF ^ Rae -iH(r- S )p cV)dT ^ Lge 

Pc\\L^L™\W" {T ~ S> Pc9uRae- %H{T - S) P c v\\^dT 
e -iH( i + S -2r)p c || ii ^ ioo || e -iff(r- S )p c5 _^ aei ff(r- S )p cS || ildr 

\\L 1 ^L i nfty\\9uRae' 1 



iH(t - T) PrJlr.i^w«ft„ll.0 fl i2 o e <ff ( T ->P c e|UidT 



t 



ft Q fS+- 

< I rr sup ||t>|| il dr + 

\t-s\2 

. t-s 

*-— C 



C 



|* + s-2t|* 



sup||fti|| L i||u|| L idr 



/•* (j 

,-\\9u\\ lAM dr + / — 3-sup||^|| L i||u||i,idr 

\t-r\* J t _t^ \t + s-2r\2 

< Cf^r {\\guWv + sup(||&|| £ i + ll&IUO) 
I* — s| 2 

Now let us investigate the long time bevaviour of the forcing term f(t). We will assume t > s + 1 and 
seperate fit) into four parts as follows, 



f(t) 





h h h 

We will start with I2 for which we are away from the singularities around r = s and t = t. Then for 1\ and 
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73 we will use J-S-S type estimate to remove the singularities. 

/ \\e- iH(t -^P^9uRae- tH{T - s) P c v + guRae lH ^- s) P c v)\\ L ^dT 

Js+i 

C 



2 L° 



s+i 
t-h 



< 



< 



< 



I 



I \t~T\ 



t-k c 



s+i \t~T\ 



iRae -mrs)p cVhl + \\g u R ae iH(T-s)p c v\\ Ll)dT 



-(\\9u\\li + \\9u\\^)\\e- iH(T - s) Pcv\\LoodT 



s+i 



\t-r\ 



<\\9u\\li + Wguh^-^^dT 



T - S 2 



<C-P^(\\g u \\ Ll + \\gu\\ L i) 

\t — S\ 2 



< f +i \\e- iH ^P c e iH ^P c9u R a e- iH ^P c v\\L^dr 

J s 

s+i 



+ 



I 3 \\e- iH ^ t+s - 2 ^e- iH ^P c g u R a e iH ^P c v\\LoodT 

J s 



i; 



\t-s\ 

s+i C 



\t + 8-2r\* 



\ e -mr-s)p cguRae iH { T-s)p c -^ LidT 



< 



f s+ i / 1 1 \ 

/ C[- PT + - -r)sup(||5;|| L i + ||^|| L i)||w|| L irfT 

Js V \t — S\ 2 \t — S — 1| 2 / 



< c- 



|t-a|i 



alii- < / He-^^-^Pe^^e^^-^Pee-^^-^Pe^lUoodr 



< C- 



Ii- S ll 



Now it remains to show that L(s)W is bounded in L°° . Again to remove the singularities we will split 
the integral in different parts. Let us consider s < t < s + 1, 

L(s)W= [ e-^^-^PcFiiRaWir^dr 

J S 

= f ' e- iH{t - T) P c g u R a \ [ T e-^-^PclFiiRae-^'-^Pcv) + F 1 (R a W(T , ))]dT , ]dT 

Js L J s 

+ f e- iH ^P c g u R a [ J* e^-^PclF^Rae-^'-^Pcv) + F^RJV {T'))\dA dr 



All the terms will be either of the following forms 



L x = I e- lH(t -^P c g u R a f e~ iH ^- T ^P c X( T ')dr'dT 

J S J S 



24 



where X(r') = g u R a e- iH ^'-^P c v, g a Rae tH ^ T ' ^ P c v, g u R a W(T f ), g a R a W(T f ) _ 

In what follows we will add e Lii{ ~ t -' r ) and e-^t*- 1 ") terms after g u R a and guRa then we will estimate the 
terms in a similiar way as we estimated I\ and I 3 . 



(4.11) 
(4.12) 



L 1 = [ e- iH ^P c9u R a e iH ^ f V^'"^ ] P c X(r')dr 'dr 

J s J s 

L 2 = f e- iH ^P c g u R a e iH ^ f ' e -mt-^W) Pc xp)dr' 'dr 

J s J s 

For X(t') = g u R a e- iH ^ T '-^P c v we have 

< /' \\e- lH(t - T) P c guRae lH(t - T) \\ L ~^L~ f ||e- <ff( *- s) P c |Ui^oo \\e^'-^ P c g u R a e^ H ^'-^ P c v\\^dT'dr 

J S J S 

< J \\9u\\li 



C 



\t-s\ 



-\\9uWl 1 II v \\ l 1 dr'dr < C\Jt — s||u||li < C||v||li for s < t < s + 1 



||i 2 |k«c< / 4 ||e-^*- T )p c || L1 ^ L oo|| 3fi i? a f e-^-^P c e-^'-^P c g u R a e m ^-^P c v\\^dT'dT 

J S J S 

+ I \\e- iH ^P c guRae iH{t - T) \\Loo^ L oo 

x r||e-^(*+ s - 2T )p c || L1 ^ L oo|| e -^( T '- s )p cfffi i? a e 4H ( T '- s )p c «|| L1 dr'dT 

J s 



< 



+ 



[ |, C |3 HgfllU 1 I 

Js \t-T\2 Js 



c 



\t-T 



T — S 2 



■WfuW^lM^dT'dT 



f \\9u\W f — ° ~ ,3 Uu\\LA\v\WdT'dT < Cy/\t=7\\\v\\ L i 
h-i=A Js \t + s-2T\2 



\t + s-2r\i 
For X(t') = guR a e tH( - T '- s) P c v we have 

< t \\e- lH(t - T) P c g u Rae lH(t - T) \ 

J S 

s-\- t ~ s 

x 7 4 l| e -^ (t+s - 2T ' ) P||L^L~l| e - iH(T '- s) P c .9 fi i? a ^ (r '- s) J P c «llL 1 dr' 
+ / 4 ||e- 4H (*- T ')|| Ll ^ L =o|| 5fi i!ae^ (T '- s) P c «||LidT' 

f \ s ||e-^ t+a - 2T ')Pc|U^Loc||e-^'-')p c ^e iff ( T '-')p c i;|Uid/' 



+ 



< / llstilk 1 



(7 



|t+S-2T / |* 



,11^' + / 



+ 



c 



t-i^L \t + s-2T'\* 



tttII^IU 1 ^' 



\t-T> 

v\\ L idr 



dr 



\\9u\\v-; — ^—zdT 1 



T - S 2 
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+ 



||£ 2 |U~ < / \\e- tH{t - T) P c 9uRae %H{t - T) \\ L ^L' 

f T We-^-^+^Pch^L- \\g u R a e- iH{ - T '-^P c v\Wdr' 

fmA [ s+ ^ . o ° , — F iif fi iiL 1 |i«iu 1 rfr'+ f 

J s l Js It -2t + 2t' - si? J s + 



< 



e -mt-2T+2T'~s) ei H(r'-s) PcguRae - t H(T>-s)p cVhxdT , 
dT 

C 



s +i^£ \t - 2t + t'\ 2 jr'-sp 



rfr 



Li 



For X(r') = ffu-RaWCT') an d ffu-RaW(T') we will change the order of integration, 



Js Jt> |i-r'|2 

K-t| 2 (l + |r'-s|)2 



< Cy/\t-a\\\v\\ L i 



t rt-*- 



L 2 \\ L oo < 



e- iH ^P c \\ L ^ L oo\\ 9u R a e- iH ^- T '^P c g u R a W{T')\\ L ,dTdr' 



' S J T 
r t ft 



>S Jt- 



< 



C 



S J T' 



\t-r\ 



^\g u \\ L 4e- lH ^-^P4 L ^ L 4g u R a W(T')\\ L2 dTdT' 



C 



L 1 



\t + r' -2r|5 



< 



C 



|i-T'| 



rll^H^IIWfft.lk-II^IUi 



Js i-r'5 



<CVI*-*||H|li 

Similarly we will investigate the long time behavior of the operator L(s) for t > s + 1. 



L(*)W(t) = / 4 ---+ / 



L 3 



L 4 



2G 



\L 



3 L° 



< 



\ e -iH(t-r)p cFl{RaW{TmLoodT 



< I lie 



iH{t - r) Pc\\ L ^L°°\\Fl{R a W{T))\\ L ,dT 



< 



< 



C 



\t-s\ 

C 



-{\\{xY9u\\v + \\{xYgu\\L*)\\W\\ Ll _ dr 



~ \t-s\ 

In L4 we will plug in ()4.10|1 once more: 



\ V W L1 A S G II II 

-dr < — IM| L i 



(l + |r- S |)f ~\t-s\ 



Li= l, ' 

pi 



- iH ^P c F 1 {R a W(T))di 



-iH(t- 



T 'P n R 



y—iHir—T' 



^PclF^Rae-'^'-^Pcv) + F 1 (R a W(r'))}dT' 



dr 



t-i 



\\ e -iH(t-r)p cg . Ra [ / e iH(T-T ')p c[F ^ Rae -iH(r'- S )p cv) + Fl (R aW (T'))}dr' 



(It 



Again we will add e lH ^ T ^ and e - lH ( t - T ) terms after g u R a and gy,R a - Then all the terms will be similar 
to Li, L%, (|4.1ip — (|4.12[) respectively. After seperating the the inside integrals into pieces, we will estimate 
short time step integrals exactly the same way we did short time behavior by using JSS estimate, and the 
other integrals will be estimated using the usual norms. 

• For X(t') = g u R a e- lH( - T '- s 1p c v we have 

< / \\e- %H ^P c g u Rae m ^\\L^^ 

\e- tH ^P c \\ L1 ^\\e^ T '^P c g u R a e- lH ^'-^P c v\\ L1 dT' 
+ I * \\e- iH ^P c \\ Ll ^\\g u R a e- iH ^'-^P c v\\L-dT' 



s+1 



- iH{t - S) Pc\\L^L^ iH{T '~ S) Po9uRae- iH ^- s) PoV\\ Ll dT' 



f/r 



< 



C\\v\ 



L 1 



\t-s\ 



|i 2 |U« < J* i \\e- iH ^P c g^R a e iH «-T)\\ L ^ L „ 



3 -«(H-.-ar)p c || il ^ ioo || e -«(r'-.)p cflfli2ae tfr(r'--)p ci j|| 2 . ldT y 



-iH(t-2T+r') 



,\\g a R a e iH ^'-^P c v\\ Ll dr' 



-iH(t+s—2r 



t-i 



>^c|| 



^ T '-^P c g a R a e^ T '^P c v\\ L idT' 



dr 



< 



CM 

\t-s\ 



L 1 
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For X(t') = guR a e tH{T '~ s) P c v we have 

s -mt-r)p cguRae iH {t -r) hoo ^ Lo 



||£l|U- < 



X 



Jl ae iH(T'-s)p c v\\ LldT > 



< 



It-- 



rt-i 

+ / \\e- m{t - T) \\ L ^L^\\guRae 

Js+k 

i \\e- iH{t+s - 2Tl) P c \\ L ^ L oo\\e- iH ^-^P c guR a e 

II^IU 1 - ^ 

T — .Si 2 



7t-- 



II^IU 1 



' — ^ llfdU^T + / — i 
|i + s-2r'|5 J s+ i |t- 

y t _i It + s - 2t'|2 



r 



•'If 



||w|| L irfr 



Hi: 



" \t-s\l 

" \\e- iH ^P c g u R a e iH ^\\ L ^ LO o \ f + * \\e- iH ^-^'-^e iH ^-^P c g u R a e- iH ^'-^P c v\\^ 



is 

+ f lle-^-^^PclUi^ocll^e-^'-JPewlUid/ldT 



< /VdUJ T +4 - - ; -rllf fi |U 1 |l«llL 1 dr'+ f - C || gfi || £1 JMi^ d /lfr 

Js LJs |i - 2r + 2r' - s|5 J s+ i \t - 2r + r'| 2 |r'-s|2 J 



" |i- S |§ 



Li, L2 terms corres 

< / \\e- lH(t - T) P c g u R a e 
Jt-k 



\\Li 



sponding to X(t') = g u R a W(T r ) and guR a W(T') 

e -mt-T)p cguRae iH { t-T)^ Loo ^ Loo f \\ e - lH ^')p c \\ Ll ^\\g u R a W{r' 
Jt-\ Js 

"it-i[i s |i-r'|l (l + |r'-s|)§ 7*±£ |i-r'|i (l + |r'-s|)i 



U 1 



dr'dr 



|t-*|§ 



< 



ft 



< 



•' - 2r| 2 (1 + \t' - s\) 2 



< 



|i + r'-2r|l (1- 



|i (l + |r'-s|)i 



s 2 
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Now combining all the above estimates we get 



[ C\t-s\i for \t-s\<l 
\\W(t)h~<\ X for - >1 

I \t-s\1 



This finishes the proof of (ii). 

(Hi) We split / given by (I4.10|) : 



s + l 



s+1 

h I 2 

For Ii integral, it suffices to show that \\g u (r)R a e~' lH ^ T ' s ^ P c v\\ L 2 £ L\[s,s + 1]. Since g u (r) has bounded 
derivatives we have ||g tl ( T ) — 3u( s )||l 3 < C| T — s\, then by Holder inequality in space, 

\\( 9 u{t) ~ gu{s))R a e- lH{T -^P c v\\ L . < \\g u (r) - g u (s)\\ L s\\e- iH ^P c v\\ Le e L\ 

Now it suffices to show \\g u (s)R a e~' lH ^ T ~ sS> P c v\\l 2 € L\. For any v £ L 2 we have 

\\g u (s)R a e- iH ^P c v\\ L , = (v, g u (s)R a e^ H ^ P c v) = (e lH ^- s ) P c g u (s)R a v,v) < \\e iH ^P c R a9a (s)v\\ L e \\v\\ L6/5 
Since L 2 T [s, s + 1] — [s, s + 1], || e ^- s )P c i? a5u ( S )5|| L 6 e L*. 



||/ 2 |U= < C( J i || gilJ Ra e - 4H(T - s) Pc«|ll>T)^ +C( y || 5a i? Qe ^( T - s )F c i;||^,rfr)^ 

<C(/ IK^^f^lle-^-^P^II^ drY+cif \\{x) a guf'\\e iH ^P c v\\^ dr) * 

t 



C(f Inpi - 

V J S +1 T - S P 2 



At the first inequality we used Strichartz estimate with (7, p) with 7 > 2 and the last inequality holds since 
3(5 — i)Y > 1 for p = 6 and 7 > 2. Similarly we will estimate L(s)VF. 



< C(y H^PaW + g^RaWW^dr) ''' 

<c( y^K^-^+^ii^iiwii^/r) 



<cf / 1 n n V < 00 

V A (1+ | T - S |) 3 (2-?)W 

Hence T(t, s) : L p — > L 2 is bounded for p = 6. This finishes the proof of part (Hi) and the theorem. □ 

5 Appendix 

5.1 J-S-S type estimates 

In [T3] the authors obtain the following estimat^]: 

Theorem 5.1 If W : W l 1— ► C has Fourier transform W € L 1 (R") then for any t 6 K and any 1 ^ p ^ 00 
we have: 

\\e- iAt We iAt \\ LP „ LP < ||W|Ua 



4 Their theorem is stated differently but the proof can be easily adapted to obtain the advertised estimate 
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In what follows we are going to generalize the estimate to the semigroup of operators generated by — A + V 



Theorem 5.2 Assume V : R" i— > R and W : R" i— > C have Fourier transforms in L 1 (M™). Then for any 
T > there exist a constant Ct independent of W such that for any —T ^ t ^ T and any 1 ^ p ^ oo we 
have: 

^ e - i{ -A+V)t We i(-A + V)t^ Lp ^ C T \\W\\ L1 . 

One can choose Ct = cxp(2|| V||£iT). 

The proof relies on existence of finite time wave operators: 

Lemma 5.1 IfV ■ R™ *— > R has Fourier transform in L (R n ) then for any T > there exist a constant Ct 
such that for any ~T ^ t T and any 1 p oo we have: 

^ e -i(-A+v)t e -iAt^ Lp ^ Ct \\W\\ l1 , \\e lAt e^ A + v ^\\ LP ^ LP < C T \\W\\ L i. 

One can choose Ct — exp(|| V||^iT). 
Proof of Lemma: Let 

H = -A + V 

then H is a self adjoint operator on L 2 with domain H 2 , (note that V € hence it generates a group of 

isometric operators: 

e- lHt : L? ^ L 2 , t e R. 

Consequently: 

Q(t) = e~~ iHt e~ iAt : L 2 h-> L 2 , t € R, (5.1) 
is also a family of isometric operators. Their infinitesimal generators are: 

dQ = 
dt 




Hence 



Q{t) =l d -i Q{s)Q Q {s)ds (5.2) 
Jo 

where 

Q (t) = e iAt Ve~ iAt : L p ^ L p , ls^p^oo 



is bounded uniformly by ||V||ii, see Theorem 15.11 

The contraction principle shows that for any T > and any 1 $J p ^ oo the linear equation (|5.2[) has a 
unique solution in the Banach space C([—T,T],B(L P ,L P )). Since on L 2 (~]L P the solution is given by (|5.1[) 
and L 2 p| L p is dense in LP we obtain that for any — T ^ i ^ T and any 1 ^ p ^ oo, e~ tHt e~ l has a unique 
extension to a bounded operator on L p . Applying the L p norm in ()5.2p we get: 



IIQWIIw < i+ / ||Q(s)IUHI^IU^ a 

Jo 

and by Gronwall inequality: 

||Q(*)||lp < e" 9 "- 11 * 1 < e"^ lT , for - T sC t < T. 

A similar argument can be made for Q*(t) = e lAt e lHt . 
The Lemma is now completely proven. 

Proof of Theorem 15.21 For H, Q and Q* as in the proof of the previous Lemma we have: 

e~ iHt WE iHt = e~ im e~ iAt e iAt We~ iAt e lAt e lHt . 

Q(t) LpmLp bounded Q*(t) 
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Hence using Theorem 15.11 and Lemma 15.11 we get for any 1 p ^ oo : 

\\e- im WE im \\ LP „ LV < e 2 ll^l^ r ||W|| z i, for —T^t^T. 

The theorem is now completely proven. 

Remark 5.1 To obtain the linear estimates in Section^ we used Theorem \5.2\ in the form: 

\\e lHt WR a e- lHt \\ LP ^ LP < C\\W\\ L i, for < t < 1 

where W is the effective potential induced by the nonlinearity, see next subsection, while R a is the linear 
operator defined in Lemma \2.2\ 



To see why the above estimate holds consider / S LP p| L 2 H^o- Then by (|2.19p we have for a certain 
z = z(f) e C : 

e lHt WR a e- lHt f = e lHt We- lHt f + ze iHt Wipa. 



Theorem 15.21 applies directly to the first term on the right hand side, while for the second term we use, see 



\z\^2\\f\\ LP] 



dip E 




dips 




1 


8a2 


+ 

Lp' 


dai 


Lp' 


P 



1 



p p 



and the fact that ipo is an e-vector of H with e-value Eq < hence 

\\e iHt Wip \\ L * = \\e im We- im e iE ^ \\ LV < C\\W\\ l 4M\lp, 
where again we used Theorem I5.2I 



5.2 Smoothness of the effective potential 

In this section wc will prove Proposition ^. 21 i.e. g'(ipE) and ( 9 ^^ ) 

From by Corollary I2.ll we have ipE € H 2 which implies ipE € LP for 2 < p < oo. Also from (|1.3[) . by 
integrating, we get \g'(s)\ < C(|s| 1+ai + |s| 1+ " 2 ). Hence \g'(tp E )\ < C(\^ E \ 1+ai + \ip E \ 1+a2 ) G L 2 and 
\9"{iPe)\ < C(\ip E \ ai + \^E\ a2 ) € L°°. Now we have 



1 



< 



i 



(i + ieiV(v- 



Il 2 II(i + I£I 2 MV> 



i + iei 2 

<C(|| 9 '(^)|| i2 + ||A 5 '(^)|| i2 ) 
<C(|| 5 '(^)|| i2 + ||A 5 '(^)|| L2 ) 

Si 2 

So it suffices to show that Ag'(ipE) G L 2 . Similarly it is enough to show that A( 

2 



IpE 



€L 2 . 



6L~ eL 2 



and 



A( 



fftyfck .9'(^) , Me) 



■tj't 



-) = ( 



IpE 



- 2- 



*s " )|v ^' +{ —-— E 



)A^i 



2 

£L 2 



€1° 



(5.3) 



(5.4) 



We will use the following comparison theorem proved in [8j Theorem 2.1] to get the upper bound for the 
VipE arid lower bound for ipE- 



31 



Theorem 5.3 Let ip > be continuous onR 3 \ K and A > B > for some closed set K . Suppose that on 
R 3 \ K, in the distributional sense, 

A\ip\ > A\tp\; Aw < Bw 
and that \ip\ < ip on dK and ip, w — > as x — > oo. Then \ip\ < ip on all o/R 3 \ K. 



Note that and ipg are continuous and We — > as — >oo. Hence 

|^|i+« 2 ) o as n oo. 



< C(\yj E \ 1+ai 



First we need the standard upper bound for ^/»b > 0. For any A < —E, there exists C a depending on A such 
that ipE < Cag~^\ x \ . Indeed if R is sufficiently large, on M 3 \ 5(0, R) we have 

Aip E = \-E + V(a;) + 9 ^ E \ ip E > Aip E , and Aw = Aw - ^-^v < Aw 

IpE ' \x\ 

and on dB(0,R) we have We < C^e"^' 2 ' for big enough. Then by Theorem 15.31 we have ipE < 
I ■ get the lower bound for t/igwe will choose y> = and V = Ce~^W in Theorem^ On R 3 \ 5(0, R), 

Fl 



fix e > 0, A2 > —E + 2e and choose R large enough such that 2#i < E for |x| > i?. Then from we 



have 



AV-b = [-£ + V(a:)]^B + <?(0e) < [-5 + V + ^^]0b < (-£ + e)ip E 

We 



and for A 2 > — E + 2e we have 



Aip = A 2 ip i-T-ip > (-E + e)ip 



Choose C such that Ce~^W < ip E on dB(0,R). Then by theorem EH we have Ce"^^ < Vis for 
\x\>R. 

We will show that for ip — and <p = Ce~^i\ x \ where A\ < —E hypothesis of the theorcm l5.3l is satisfied. 
Differentiating the eigenvalue equation (|2.2[) with respect to x\ we get 



A d ^ E r 771 1 t// m^b , ^ £ , 5y / 



Let 



= max{0,±/} and S< = {1 £ 



9xi 



< iPe} and S> = {x e 



0^1 



> We} 



Fix < — E, choose R large enough such that — E + V(x) + g'{wE) 



ov 



dx\ 

> Ai on Id > R. Let 



S = S< U 5(0, R), then on R \ 5 we have 





> Ai 


90B 


3xi 




dxi 



Now, by continuity of f|f there exists d such that ^ e V^>l < Ci on |x| = 5. Since both on ^ and 
are continuous we have = ipE < C 2 e*^\ x \ on dS<. So on dS, we have < max{C*i, dje^^^ 1 

Therefore by theorem 15.31 we have |V^b| < Ce - ^^"' 31 ' 
Now we can prove Proposition ^. 21 

Proof of Proposition HH By (H2') we have \g"'(s)\ < -p^- + Cs" 2 ^ 1 , s > 0, < a x < a 2 ; then 

C 



and 



5"(fe) 5'(^) , Me),,^. ,2, ^ C 



- 2 



b Vb -0b 



Using the estimates for |V-0b| and t/>b and choosing 2\fA~[ > \fA~2~, we get that Aq'^e), A( 9 ^®' ) e I? . 



Hence we get the desired estimates for g'(tpE) and 
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